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OPERATORS IN TIGHT BY SUPPORT BANACH SPACES
ANTONIS MANOUSSAKIS, ANNA PELCZAR-BARWACZ
Abstract. We answer the question of W.T. Gowers, giving an example of a
bounded operator on a subspace of Gowers unconditional space which is not
a strictly singular perturbation of a restriction of a diagonal operator. We
make some observations on operators in arbitrary tight by support Banach
space, showing in particular that in such space no two isomorphic infinitely
dimensional subspaces form a direct sum.
In [11] W.T. Gowers and B. Maurey built the first hereditarily indecomposable
(HI) Banach space XGM , i.e. a space whose none infinitely dimensional subspace
admits a non-trivial bounded projection. They proved also that any operator on
a subspace of XGM is a strictly singular perturbation of a multiple of the identity.
Recall that an operator is strictly singular if none of its restriction to an infinitely
dimensional subspace is an isomorphism onto its image. Gowers-Maurey construc-
tion opened the field of study of spaces with a small family of bounded operators.
The celebrated space of S.A. Argyros and R. Haydon [3] provided an extreme ex-
ample in the area; their space is an L∞ HI space, on which any bounded operator
is a compact perturbation of a multiple of the identity.
A natural question arises how small family of bounded operators on Banach
spaces with an unconditional basis could be. Obviously all diagonal operators with
uniformly bounded entries are continuous on such space, therefore the most one
can expect is a hereditary "diagonal + strictly singular" property: any bounded
operator on a subspace of the space is a strictly singular perturbation of a restriction
of a diagonal operator.
Among the properties to be considered in this context are different types of tight-
ness, studied in [5, 6], which describe the structure of the family of isomorphisms
inside the space. The strongest type is tightness by support. Recall that a Banach
space X with a basis is tight by support if no two disjointly supported infinitely
dimensional subspaces of X are isomorphic [5]. Any tight by support basis is nec-
essarily unconditional. The typical example of a Banach space tight by support
is Gowers unconditional space XU , the unconditional version of Gowers-Maurey
space [6, 10]. It follows easily that the hereditary "diagonal + strictly singular"
property implies tightness by support. W.T. Gowers asked if the implication can
reversed (Problem 5.12 [10]), in particular if XU has hereditary "diagonal + strictly
singular" property (Problem 5.13 [10]). It is known that any bounded operator on
the whole space XU is a strictly singular perturbation of a diagonal operator [11].
Adapting arguments of [2] one can prove analogous result for any bounded operator
T : Y → Y , where Y is a block subspace of XU . W.T. Gowers [9] also proved that
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any isomorphism between block subspaces of a tight by support Banach space is a
strictly singular perturbation of a restriction of an invertible diagonal operator.
We answer the questions by constructing a bounded projection on a direct sum
of two block subspaces of XU which is not a strictly singular perturbation of a
restriction of a diagonal operator (Theorem 2.6). The construction uses the block
sequence of [13] in Schlumprecht space generating an ℓ1-spreading model and canon-
ical properties of Gowers unconditional space, thus can be easily adapted to other
spaces of Gowers-Maurey type and leaves open the question on example of a Banach
space with the hereditary "diagonal + strictly singular" property. We reproduce
next the construction in arbitrary block subspace of XU using the results of [7]
(Theorem 2.10).
We prove also positive results on bounded operators on arbitrary Banach space
X with a tight by support basis. In particular we show that any bounded operator
on a subspace generated by a weakly null sequence (xn) in such space has a restric-
tion to a subspace generated by some subsequence (xkn) of the form S + D|[xkn ],
with S strictly singular and D diagonal (Theorem 1.4). If we allow restricting to a
block subspace we can replace the diagonal operator D by a multiple of the iden-
tity (Theorem 1.5), which implies that no two isomorphic infinitely dimensional
subspaces of X form a direct sum (Corollary 1.6).
In case of Gowers unconditional space one can strengthen Theorem 1.4 - we
prove that any bounded operator on a block subspace Y of XU into XU is of the
form S +D|Y , with S strictly singular and D diagonal, generalizing earlier results
(Proposition 2.11).
We recall briefly the standard notation. Given any E,F ⊂ N we write E < F ,
if maxE < minF . Let X be a Banach space with a basis (ei). Given any G ⊂ N
by PG we denote the projection X → [ei : i ∈ G]. The support of a vector
x =
∑
i xiei is the set suppx = {i ∈ N : xi 6= 0}. The support of a subspace Y is
the union of supports of all elements of Y . We write x < y for vectors x, y ∈ X ,
if suppx < supp y. Any sequence (xn) ⊂ X with x1 < x2 < . . . is called a block
sequence, a closed subspace spanned by an infinite block sequence (xn) is called a
block subspace. Given any basic sequence (xn) by [xn] we denote the closed vector
space spanned by (xn).
1. GENERAL CASE
In this section we show some positive results on bounded operators on Banach
spaces which are tight by support. We recall
Definition 1.1. [5] A basis of a Banach space is called tight by support, if no two
infinitely dimensional subspaces with disjoint supports are isomorphic.
Remark 1.2. [5] A tight by support basis is unconditional.
We are grateful to Valentin Ferenczi for bringing to our attention Remark 1.2.
Throughout this section X denotes a Banach space with a tight by support basis
(ei). The main tool is provided by the following decomposition result, which uses
the notion of a diagonal-free operator. We call an operator R defined on a block
subspace [xn] ⊂ X into X diagonal-free provided suppxn ∩ suppRxn = ∅ for any
n ∈ N.
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Proposition 1.3. Let X be a Banach space with a tight by support basis (ei). Let
T be a bounded operator on a block subspace [xn] ⊂ X. Then T = D|[xn] + S + R
for some bounded operators D,S,R with D diagonal, S strictly singular and R
diagonal-free.
Moreover, if T satisfies suppTxn ∩ suppxm = ∅ for any n 6= m, then the above
formula holds with R = 0.
Proof. Let (xn) be a normalized block basis and T : [xn] → X be a bounded
operator with ‖T ‖ = C > 0. Since X is tight by support, the operator P ◦T , where
P is the projection on [ei : i 6∈ ∪ supp(xn)] is strictly singular. Thus we can assume
that ∪n supp(xn) = N.
For any n, k ∈ N put
An,k = {i ∈ suppxn : |xn(i)| ≤ 1
2k
|Txn(i)|}
and Ak = ∪n∈NAn,k, k ∈ N.
For any k ∈ N put Tk = Pk ◦ T , where Pk is the projection from X onto
[ei : i ∈ Ak], and letDk : X → X be the diagonal operator defined byDk(ei) = λiei
where
λi =
{
0 if i ∈ Ak,
T xn(i)/xn(i) if i ∈ suppxn \Ak = suppxn \An,k.
By the definition of An,k’s we have ‖Dk‖ ≤ 2k.
Fix k ∈ N and assume that Tk is not strictly singular. Thus Tk is an isomorphism
between some infinitely dimensional subspaces U ⊂ [xn] andW ⊂ Pk(X). Consider
a bounded operator Rk = (Id− Pk) ◦ (Tk|U )−1 : W → [ei : i 6∈ Ak].
As X is tight by support and suppRk(W )∩ suppW = ∅, there is some infinitely
dimensional subspace V ⊂ W such that ‖Rk|V ‖ ≤ (2C)−1. As (Tk|U )−1 is an
isomorphism, the subspace Z = (Tk)
−1(V ) is also infinitely dimensional. Take
x ∈ (Tk)−1(V ) and compute
‖Tkx‖ ≤ ‖Tx‖ ≤ C‖x‖
≤ C‖Pkx‖+ C‖x− Pkx‖
= C‖Pkx‖+ C‖Rk(Tkx)‖
≤ C‖Pkx‖+ 1
2
‖Tkx‖.
Hence ‖Tkx‖ ≤ 2C‖Pkx‖ for any x ∈ Z. As Z ⊂ U also Tk|Z is an isomorphism
onto its image.
On the other hand for any x ∈ [xn] and i ∈ suppPkx ⊂ Ak we have
|Pkx(i)| ≤ 1
2k
|Tx(i)| = 1
2k
|Tkx(i)|.
It follows that for any x ∈ [xn] we have ‖Pkx‖ ≤ 12k ‖Tkx‖, which for sufficiently
big k gives contradiction for any non-zero x ∈ Z. Therefore for sufficiently big k
the operator Tk is strictly singular.
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Now we have
(Dk|[xn] + Tk − T )(
∑
n
anxn)
=
∑
n
an
∑
i∈supp xn
λixn(i)ei +
∑
n
anPkTxn −
∑
n
anTxn
=
∑
n
an
∑
i∈supp xn\An,k
Txn(i)ei +
∑
n
an
∑
i∈Ak
Txn(i)ei +
∑
n
an
∑
i∈N
Txn(i)ei
=
∑
n
an
∑
i∈N\(Ak∪suppxn)
Txn(i)ei .
Therefore the operator R = T −Dk|[xn] − Tk is diagonal-free.
Now if we assume that suppTxm ∩ suppxn = ∅ for n 6= m, then, as we assumed
that supp[xn] = N, we have that suppTxn ⊂ suppxn for any n ∈ N.
Then T = Dk|[xn] + Tk, as(
Dk|[xn] + Tk
)
(
∑
n
anxn) =
∑
n
an
∑
i∈supp xn
λixn(i)ei +
∑
n
anPkTxn
=
∑
n
an
∑
i∈supp xn\An,k
Txn(i)ei +
∑
n
an
∑
i∈Ak
Txn(i)ei
=
∑
n
anTxn .
For the last equality recall that suppTxn ⊂ suppxn for any n ∈ N. 
Proposition 1.3 implies immediately the following result.
Theorem 1.4. Let X be a Banach space with a tight by support basis.
Let T : [xn] → X be a bounded operator on a subspace spanned by a weakly
null sequence (xn) ⊂ X. Then there exists a subsequence (xn)n∈M such that
T |[xn: n∈M ] = D|[xn: n∈M ] + S, where D : X → X is a bounded diagonal opera-
tor and S : [xn : n ∈M ]→ X is a bounded strictly singular operator.
In particular the assertion holds if (xn) is a block sequence.
We can replace diagonal operator by a multiple of the identity, if we allow passing
to a block sequence instead of subsequence.
Theorem 1.5. Let X be a Banach space with a tight by support basis.
Let T : [xn]→ X be a bounded operator on a block subspace [xn] ⊂ X. Then there
is an infinitely dimensional block subspace W ⊂ [xn] such that T |W = αId|W + S,
for some scalar α and bounded strictly singular operator S : [xn]→ X.
As for any isomorphism T any scalar α given by the above Theorem is non-zero,
we obtain the following
Corollary 1.6. Let X be a Banach space with a tight by support basis.
Then for any isomorphic infinitely dimensional subspaces Y, Z ⊂ X we have
inf{‖y − z‖ : y ∈ Y, z ∈ Z, ‖y‖ = ‖z‖ = 1} = 0.
Proof of Theorem 1.5. By Remark 1.2 we can assume that the basis of X is 1-
unconditional and the sequence (xn) is normalized. Passing to a further subspace
by Theorem 1.4 we can assume that T |[xn] = D|[xn] + S with D bounded diagonal
with entries (λn) and S compact. Let Λ = supn |λn| and assume Λ > 0.
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We shall prove the following
Claim 1. For any ε > 0 in any block subspace of [xn] there is a further block
subspace [ym] and some αε with |αε| ≤ Λ such that
‖(D − αεId)|[ym]‖ < ε.
Having Claim 1 consider a cluster point α0 of (αε)ε>0 and pick some sequence
(αn) and descending sequence of block subspaces Yn such that |αn − α0| < 1/2n
and ‖(D−αnId)|Yn‖ < 1/2n. Thus ‖(D−α0Id)|Yn‖ < 1/2n−1 and on the diagonal
subspace Y0 of (Yn) the operator (D − α0Id)|Y0 is compact which will finish the
proof.
Proof of Claim 1. Fix ε > 0 and consider a partition of {λ : |λ| ≤ Λ} =
∪di=1Ai into pairwise disjoint subsets of diameter smaller than ε/2. For every n put
In,i = {k ∈ suppxn : λk ∈ Ai} and xn,i = xn|In,i . By the unconditionality we get
‖xn,i‖ ≤ 1. As X is tight by support, for every i 6= j any restriction to a linear
subspace spanned by a block sequence of (xn,i)n of the operator
Mi,j : lin{xn,i : n ∈ N} ∋
∑
n
anxn,i →
∑
n
anxn,j ∈ lin{xn,j : n ∈ N}
is either non-bounded or strictly singular. Using this observation in any block
subspace of (xn) we can find a further block sequence (ym) satisfying for some
i0 ≤ d the following
‖ym|∪nIn,i0 ‖ = 1,m ∈ N and ‖ym|∪nIn,i‖ → 0,m→∞ for i 6= i0 .
The above statement can be easily proved by induction on d. Passing to a subse-
quence of (ym) we can assume that ‖PN\∪nIn,i0 |[ym]‖ < ε/(4Λ).
Pick any scalar λε ∈ Ai0 and compute for any vector
∑
n bnxn ∈ [ym] of norm 1:
‖λε
∑
n
bnxn −D(
∑
n
bnxn)‖ ≤
≤ ‖
∑
n
bn
∑
k∈In,i0
(λε − λk)xn(k)ek‖+ ‖
∑
n
bn
∑
k 6∈In,i0
(λε − λk)xn(k)ek‖
≤ max
k∈∪nIn,i0
|λk − λε|‖
∑
n
bnxn‖+max
k
|λk − λε|‖
∑
n
∑
i6=i0
bnxn,i‖
≤ ε
2
‖
∑
n
bnxn‖+ 2Λ‖PN\∪nIn,i0 |[ym]‖ ≤ ε
which proves that ‖(D − λεId)|[ym]‖ ≤ ε.

Let X be a Banach space with an unconditional basis (ei). In the next section we
shall use the following general observation concerning the form of a projection on
one of the component of a direct sum formed by two block subspaces with possibly
coinciding supports. Assume we have block subspaces Y = [yn] and Z = [zn] with
(D1) min{supp yn+1, supp zn+1} ≥ max{supp yn, supp zn}, n ∈ N
(D2) inf{‖y − z‖ : ‖y‖ = ‖z‖ = 1, y ∈ Y, z ∈ Z} > 0
Consider projections PY : Y + Z ∋ y + z 7→ y ∈ Y , PZ : Y + Z ∋ y + z 7→ z ∈ Z.
By (D2) these projections are bounded.
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Lemma 1.7. In the situation as above the projection PY is of the form PY =
D|Y+Z + S, with S strictly singular and D : X → X diagonal if and only if there
is a partition N = F ∪G such that PG|Y and PF |Z are strictly singular. Moreover,
if either of the conditions hold, the diagonal operator D can be chosen to be a
projection onto a subspace spanned by a subsequence of the basis.
Proof. Assume that PY is of the form PY = D|Y+Z + S, with S strictly singular
and D : X → X diagonal with entries (λi). Let
F =
{
i ∈ N : |λi| > 1
2
}
, G =
{
i ∈ N : |λi| ≤ 1
2
}
Then for any y =
∑
n anyn ∈ Y we have y = PY y = Dy + Sy, so∑
n
an
∑
i∈supp yn
yn(i)ei =
∑
n
an
∑
i∈supp yn
λiyn(i)ei + S(
∑
n
anyn)
Thus ∑
n
an
∑
i∈supp yn
(1− λi)yn(i)ei = S(
∑
n
anyn)
Applying the projection PG we get∑
n
an
∑
i∈supp yn∩G
(1 − λi)yn(i)ei = (PG ◦ S)(
∑
n
anyn)
thus by unconditionality of (ei)
‖(PG ◦ S)(
∑
n
anyn)‖ = ‖
∑
n
an
∑
i∈supp yn∩G
(1− λi)yn(i)ei‖
≥ 1
2
‖
∑
n
an
∑
i∈supp yn∩G
yn(i)ei‖
=
1
2
‖
∑
n
anPGyn‖
=
1
2
‖PG(
∑
n
anyn)‖.
As S is strictly singular also PG|Y is strictly singular. Analogously we prove that
PF |Z is strictly singular.
The reverse implication follows straightforward. Given suitable F,G we write
PY = PF |Y+Z + PG ◦ PY − PF ◦ PZ . By the assumption on projections PF , PG on
corresponding subspaces the operator PG ◦ PY − PF ◦ PZ is strictly singular. This
reasoning proves also the "moreover" part of the lemma. 
2. GOWERS UNCONDITIONAL SPACE CASE
In this section we answer Gowers’ question [10] by giving an example of an
operator T on a subspace W of Gowers unconditional space XU which is not of the
form D|W + S with D diagonal and S strictly singular. We present first the list of
canonical properties of the class of spaces of Gowers-Maurey type that are needed
for our construction and proceed to the proof of the main result. Next we generalize
the construction to any block subspace of XU proving that an operator which is
not a strictly singular perturbation of a restriction of a diagonal operator can be
built inside any infinitely dimensional subspace of XU . However, performing the
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construction inside block subspaces requires more technical background concerning
spaces of Gowers-Maurey type, thus we state it separately for the convenience of
the reader. We close the section with proving that even though the "diagonal +
strictly singular" property does not hold for any infinitely dimensional subspace of
the space XU , it is satisfied for block subspaces of XU .
We recall now the definition of Schlumprecht space S and Gowers unconditional
space XU . The spaces are defined as a completion of c00 under suitable norm,
defined as a limit of an increasing sequence of norms.
Let f denote the function x 7→ log2(x + 1). The norm ‖·‖S of Schlumprecht
space S satisfies on c00 the following equation.
‖x‖S = max
{
‖x‖∞, sup
n
1
f(n)
sup{
n∑
i=1
‖Eix‖S : E1 < · · · < En}
}
.
It follows straightforward that the basis (e˜n) of S is 1-unconditional and subsym-
metric, i.e. equivalent to any of its infinite subsequences.
We shall sketch the definition of Gowers unconditional space XU , referring to [8]
for details, and state properties of the space we need in a list of facts given below.
The norm of XU satisfies on c00 the following implicit equation
‖x‖ = max{‖x‖∞, sup
n
1
f(n)
sup{
n∑
i=1
‖Eix‖ : E1 < · · · < En},
sup |x∗(x)| : x∗ special functional of length k, k ∈ K}
for some fixed infinite and co-infinite K ⊂ N. Special functionals are described with
the use of so-called coding function σ defined on the family Q of finite sequences of
vectors with rational coordinates with modulus at most 1, taking values in N \K
and satisfying certain growth condition. A special functional of length k is of the
form 1√
f(k)
∑k
j=1 x
∗
j , for some block sequence (x
∗
1, . . . , x
∗
k) with each x
∗
j of the form
x∗j =
1
f(nj)
∑nj
n=1 x
∗
j,n, where (x
∗
j,1, . . . , x
∗
j,nj
) is a block sequence in Q of vectors
with norm at most 1, and nj+1 = σ(|x∗1|, . . . , |x∗j |) for any j = 2, . . . , k.
Recall that in case of Gowers-Maurey space the coding function depends on
(x∗1, . . . , x
∗
j ), not on (|x∗1|, . . . , |x∗j |), which makes the space hereditarily indecom-
posable. In case of Gowers space the basis is 1-unconditional, but including special
functionals in the norming set forces tightness by support.
The basic tools are formed by sequences of ℓ1-averages. A vector x ∈ XU is
called an ℓn1 -average with constant c ≥ 1, n ∈ N, if x = 1n (x1 + · · ·+ xn) for some
block sequence x1 < · · · < xn with ‖xi‖ ≤ 1 and ‖x‖ ≥ 1/c. A block sequence of
ℓnk1 -averages (xk)
N
k=1 ⊂ XU is a rapidly increasing sequence (RIS) of ℓ1-averages,
if - roughly speaking - (nk) increases fast enough, with the length nk of average
xk depending not only on k, but also on the support of xk−1, and the length N
of the sequence is small with respect to the length n1 of the first average, with all
relations described in terms of the function f .
We list now the properties of the space XU needed in the sequel. This list
indicates that the results of this section can be easily adapted to the case of other
spaces of Gowers-Maurey type.
8 ANTONIS MANOUSSAKIS, ANNA PELCZAR-BARWACZ
First we recall the standard
Fact 2.1 ((Lemma 1 [8])). For any n ∈ N and c > 1 every block subspace of XU
contains an ℓn1 -average with constant c.
We shall nees also the following simple observation.
Fact 2.2. For any sequence (zn) of ℓ1-averages of increasing length and a common
constant and any sets (Dn) in N with infn‖PDnzn‖ > 0 also (PDnzn) is a sequence
of ℓ1-averages of increasing length and a common constant.
We state now the canonical property of the space XU , whose variations in dif-
ferent spaces of Gowers-Maurey type or Argyros-Deliyanni type are responsible for
the irregular properties of the spaces, such as having a small (in different meanings)
family of bounded operators.
Fact 2.3. (a) Fix a seminormalized block sequence (un) ⊂ XU and a seminor-
malized block sequence (vn) ⊂ XU of ℓn1 -averages with a constant c, satisfying
supp vn ∩ suppum = ∅, for all n,m ∈ N. Then there are sequences (wk) ⊂ [un],
(zk) ⊂ [vn] of the form wk =
∑
n∈Jk
anun, zk =
∑
n∈Jk
anvn, such that ‖wk‖ = 1,
k ∈ N, and zk → 0, as k→∞.
(b) Fix a subsequence (ein) of the basis of XU . Then there is a normalized
sequence (wk) ⊂ [ein ], wk =
∑
n∈Jk
anein , such that sup(jn)‖
∑
n∈Jk
anejn‖ → 0, as
k → ∞, where the supremum is taken over all sequences (jn) ⊂ N with {jn : n ∈
N} ∩ {in : n ∈ N} = ∅.
The proof of (a) follows directly the lines of the proof in [8] of the fact that the
space XU satisfies assumptions of Lemma 9 [8]. First we pass to an infinite set
N ⊂ N such that any finite subsequence (vk1 , . . . , vkN ) of (vn)n∈N with k1 > N
forms a RIS of ℓ1-averages. Now it suffices to take for any k ∈ N a special functional
of length k of the form
1√
f(k)
k∑
j=1
1
f(nj)
∑
n∈Cj
u∗n
where u∗n(un) = 1, #Cj = nj , minCj > nj and the corresponding vector
wk =
√
f(k)
k
k∑
j=1
f(nj)
nj
∑
n∈Cj
un.
Then for any (vn) as above we have
‖
√
f(k)
k
k∑
j=1
f(nj)
nj
∑
n∈Cj
vn‖ ≤ ε(k, c),
for some ε(k, c)→ 0 as k →∞.
In case of subsequences of the basis the proof is even simplified.
Recall that Facts 1.7 and 2.3 imply immediately the following
Theorem 2.4. [5, 10] The unit vector basis of Gowers unconditional space XU is
tight by support.
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The next fact allows for transfer of an example of a sequence needed in Theorem
2.6 from Schlumprecht space to Gowers unconditional space. Recall that a basic
sequence (xn) generates some subsymmetric basic sequence (x˜n) as a spreading
model, if for any (ai)
k
i=1, k ∈ N, we have
lim
n1→∞
lim
n2→∞
. . . lim
nk→∞
‖
k∑
i=1
aixni‖ = ‖
k∑
i=1
aix˜i‖ .
We say that a basic sequence generates an ℓ1-spreading model, if it generates the
unit vector basis of ℓ1 as a spreading model.
Fact 2.5. The basis of XU generates the basis of Schlumprecht space as a spreading
model.
The proof of this fact follows the lines of the proof of Prop. 3.1. of [1] of the
above result in case of Gowers-Maurey space.
Now we are ready to prove the main result.
Theorem 2.6. There are block subspaces Y = [yn], Z = [zn] in Gowers uncondi-
tional space XU satisfying (D1), (D2) and
(D3) for any partition F ∪G = N with PF |Z strictly singular the operator PG|Y
is not strictly singular.
By Lemma 1.7 we obtain the following answer to Gowers’ Problem 5.13 (and
thus also Problem 5.12) [10].
Corollary 2.7. There is a bounded operator on a subspace of Gowers unconditional
space XU which is not a strictly singular perturbation of a restriction of a diagonal
operator on XU .
Proof of Theorem 2.6. We shall use the seminormalized block sequence of [13] gen-
erating an ℓ1-spreading model in Schlumprecht space. Recall that two vectors u, v
have the same distribution, if for some increasing bijection ρ : suppu→ supp v we
have v(ρ(i)) = u(i) for each i ∈ suppu. Let uj = f(j)j
∑j
i=1 e˜i. Take (y˜n) ⊂ S to be
the block sequence of Theorem 6 of [13], i.e. y˜n =
∑n
j=1 v˜n,j , where (v˜n,j)
n
j=1 have
pairwise disjoint supports carefully designed and each v˜n,j has the same distribu-
tion as upj/2, for some fixed pj ր∞. The sequence (y˜n) generates an ℓ1-spreading
model, as ‖v˜n1,j + · · ·+ v˜np,j‖ ≈ p/2 for j ≫ p (cf. [13]).
Write y˜n =
∑n
j=1
f(j)
2j
∑
i∈Ij
e˜i, #Ij = j, for each n and consider sequence
(yn) ⊂ XU defined as
yn =
n∑
j=1
vn,j =
n∑
j=1
f(j)
2j
∑
i∈Kj
ei
where Kj’s with #Kj = j are pushed forward along the basis (ei) so that by
Fact 2.5 the vectors (yn) form a seminormalized block sequence with the property
‖vn1,j + · · · + vnp,j‖ ≈ p/2 for j ≫ p, therefore also generating an ℓ1-spreading
model.
We define the sequence (zn) in the following way. Take a mapping τ : ∪n supp yn →
N such that
(j1) τ |supp yn : supp yn → {1, 2, . . . ,#supp yn} is a bijection for any n ∈ N,
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(j2) τ(r) ≥ τ(s) iff yn(r) ≤ yn(s) for any n ∈ N and r, s ∈ supp yn.
Notice that (j1) and (j2) implies the following property.
(j3) τ(supp vn,j) = τ(supp vm,j) for any j ≤ n < m.
Let
zn(i) =
1
4τ(i)
yn(i) for any i ∈ supp yn and zn(i) = 0 otherwise.
In this way we obtain two seminormalized block sequences (yn) and (zn) with
supp yn = supp zn, thus in particular satisfying (D1).
Roughly speaking, the proof of Theorem 2.6 relies on the following three prop-
erties of the above sequences: for any (in) ⊂ N with in ∈ supp yn, n ∈ N, the
projection P{in: n∈N}|Y is strictly singular (Claim 2), whereas P{in: n∈N}|Z is not
strictly singular provided infn zn(in) > 0 (Claim 3). Moreover, the projection on
the set containing supports of almost all (vn,j)n for any j restricted to Y is not
strictly singular (Claim 4).
Proof of (D2). Assume towards contradiction that inf{‖y − z‖ : ‖y‖ = ‖z‖ =
1, y ∈ Y, z ∈ Z} = 0. Thus there are some normalized block sequences (wk) ⊂ [yn]
and (vk) ⊂ [zn] with ‖wk − vk‖ ≤ 1/16k, k ∈ N. Thus for any (ck) ⊂ [−1, 1] we
have ‖∑k ckwk −∑k ckvk‖ ≤ 1/8.
Take (ck) ⊂ [−1, 1], let w =
∑
k ckwk, v =
∑
k ckvk and I = {i ∈ suppw :
|w(i)| ≥ 2|v(i)|} and compute, using 1-unconditionality of the basis of X
1
8
≥ ‖
∑
k
ckwk −
∑
k
ckvk‖ ≥ ‖
∑
i∈I
(w(i) − v(i))ei‖ ≥ 1
2
‖
∑
i∈I
w(i)ei‖.
Analogously compute for J = {i ∈ suppw : |v(i)| ≥ 2|w(i)|}.
Thus for any w =
∑
k ckwk with norm 1 and v =
∑
k ckvk we have
‖
∑
i∈suppw: 12 |v(i)|<|w(i)|<2|v(i)|
w(i)ei‖ ≥ 1/4.
Let
wk =
∑
n∈Ik
anyn =
∑
n∈Ik
an
∑
i∈supp yn
yn(i)ei,
vk =
∑
n∈Ik
dnzn =
∑
n∈Ik
dn
∑
i∈supp yn
4−τ(i)yn(i)ei.
For any i ∈ suppw we have
1
2
|v(i)| < |w(i)| < 2|v(i)| iff 1
2
|dn| < 4τ(i)|an| < 2|dn| where i ∈ supp yn.
Given n ∈ N there is at most one i ∈ supp yn satisfying 12 |dn| < 4τ(i)|an| < 2|dn|,
name it by in. Hence
1/4 ≤ ‖
∑
i∈suppu: 12 |v(i)|<|w(i)|<2|v(i)|
w(i)ei‖ = ‖
∑
k
ck
∑
n∈Ik
anyn(in)ein‖
which implies that for any (ck) we have
‖
∑
k
ck
∑
n∈Ik
anyn‖ ≤ 4‖
∑
k
ck
∑
n∈Ik
anyn(in)ein‖
i.e. (
∑
n∈Ik
anyn)k and (
∑
n∈Ik
anyn(in)ein)k are equivalent.
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On the other hand we have the following claim, which yields contradiction.
Whereas the above reasoning holds for any (yn) and (zn) related by means of a
suitable function τ , the claim uses only the fact that the spreading models of the
basis of XU and of the chosen sequence (yn) are quite different and the basis of a
variant of Schlumprecht space dominates the basis of XU .
Claim 2. The mapping (yn)n → (yn(in)ein)n extends to a strictly singular opera-
tor.
Proof of Claim 2. We shall prove that the mapping carrying (yn)n to the standard
basis (e¯n) of some variant of Schlumprecht space - defined by the function f(x) =√
log2(x+ 1) instead of f(x) = log2(x+1) - is strictly singular. As the basis of such
variant of Schlumprecht space is subsymmetric and dominates the basis of Gowers
space, thus also the mapping (yn)n → (yn(in)ein)n would be strictly singular.
We apply results of [15] taking into account that the basis (e¯n) of a variant of
Schlumprecht space is subsymmetric. By Prop. 2.5 [15] the basis (e¯n) is strongly
dominated by ℓ1 (according to the Def. 2.1 of [15]) and by Lemma 2.4 [15] satisfies
for some δk ց 0 and any scalars (αn) the following
‖
∑
n
αne¯n‖ ≤ max
k
δk max
k≤n1<n2<···<nk
k∑
i=1
|αni |.
Now in order to show that the mappingM : (yn)n → (e¯n)n is strictly singular repeat
part of the proof of Theorem 1.1 of [15]. Take any normalized block sequence (um)
of (yn), um =
∑
i∈Jm
αiyi, m ∈ N. Passing to a further block sequence, as XU does
not contain c0, we can assume that maxi∈Jm |αi| → 0 as m → ∞. Given k0 ∈ N
estimate the norm of vm = M(um) using that (yn) is unconditional and generates
an ℓ1-spreading model:
‖
∑
i∈Jm
αie¯i‖ ≤ max

 maxk=1,...,k0−1 δ1
∑
k≤n1<···<nk,ni∈Jm
|αni | , max
k≥k0
δk0
∑
k≤n1<···<nk,ni∈Jm
|αni |


≤ max{δ1k0 max
i∈Jm
|αi|, 2δk0‖um‖}
≤ max{δ1k0 max
i∈Jm
|αi|, 2δk0}.
As δk → 0, choosing sufficiently big k0 and m we can force the norm of vm to
be as small as needed, which proves that vm → 0 and finishes the proof of strict
singularity of M and of Claim 2.
Proof of (D3). We introduce some notation first. Given n ∈ N and t ∈ τ(supp yn)
let in,t ∈ supp yn be the unique index i ∈ supp yn with τ(i) = t. Notice that (j3)
by definition of (vn,j)n,j implies the following
(j4) for any i ∈ supp yn, k ∈ supp ym with τ(i) = τ(k) we have yn(i) = ym(k).
Thus we can write yn =
∑
t∈τ(supp yn)
γtein,t for some scalars (γt)t∈N ⊂ [0, 1]. Given
any t ∈ N let also Nt = {n ∈ N : t ∈ τ(supp yn)}.
The property (D3) follows from the next two claims. The first one is based only
on properties of the subsequences of the basis described in the Fact 2.3(b).
Claim 3. Take F ⊂ N with PF |Z strictly singular. Then for any t ∈ N the set
{in,t : n ∈ Nt} ∩ F is finite.
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Proof of Claim 3. Assume that for some t0 ∈ N the set H = {in,t0 : n ∈ Nt0}∩F
is infinite. We shall prove that the projection PH |Z is not strictly singular, which
implies the claim.
Let N = {n ∈ Nt0 : in,t0 ∈ I}. Apply Fact 2.3(b) to the sequence (ein,t0 )n∈N
obtaining a suitable normalized sequence (wk) with elements of the form wk =∑
n∈Jk
anein,t0 , k ∈ N.
Now notice that
‖
∑
n∈Jk
anzn(in,t0)ein,t0 ‖ = ‖
∑
n∈Jk
an
γt0
4t0
ein,t0‖ =
γt0
4t0
‖wk‖ = γt0
4t0
whereas
‖
∑
n∈Jk
an(zn − zn(in,t0)ein,t0 )‖ = ‖
∑
t∈N,t6=t0
∑
n∈Jk
anzn(in,t)ein,t‖
≤
∑
t∈N,t6=t0
γt
4t
‖
∑
n∈Jk
anein,t‖
≤ sup
t∈N
‖
∑
n∈Jk
anein,t‖.
As the vectors
∑
n∈Jk
anein,t have disjoint support with wk for any k ∈ N, the last
term converges to zero as k →∞ it follows that the projection PH |Z is not strictly
singular.
The next claim seems to be a rather natural requirement.
Claim 4. Take G ⊂ N with each of the sets {in,t : n ∈ Nt} \ G, t ∈ N, finite.
Then the projection PG|Y is not strictly singular.
Proof of Claim 4. Notice that by (j3) for each j ∈ N we have supp vn,j ⊂ G for
all but finitely many n’s. Let G′ = ∪j∈2N ∪n∈N supp vn,j ∩G. We shall prove that
the projection PG′ |Y is not strictly singular, which implies the claim.
Recall that for j ≫ p then ‖vn1,j + · · · + vnp,j‖ ≈ p/2 [13]. Therefore by the
assumption on G for any s, r ∈ N and ε > 0 we can pick L ⊂ N with #L = s and j ∈
N so that 1#L
∑
n∈L vn,2j and
1
#L
∑
n∈L vn,2j+1 are seminormalized ℓ
s
1-averages with
constant 2, with supp vn,2j ⊂ G and supp vn,2j > r for any n ∈ L. By construction
of (yn) (precisely since ‖vn,j‖ ≥ 1/2) it follows that also 1#L
∑
n∈L(yn|G′) and
1
#L
∑
n∈L(yn|N\G′) are seminormalized ℓs1-averages with constant 4. It follows that
we can pick a successive sequence (Ls) such that the sequences (us) and (vs), where
us =
1
#Ls
∑
n∈Ls
(yn|G′), vs = 1
#Ls
∑
n∈Ls
(yn|N\G′), s ∈ N
are seminormalized ℓs1-averages with constant 4, for any s ∈ N.
Now apply Fact 2.3(a) to the sequences (us) and (vs), obtaining a normalized
sequence
(
∑
s∈Jk
as
1
#Ls
∑
n∈Ls
(yn|G′))k∈N,
such that ∑
s∈Jk
as
1
#Ls
∑
n∈Ls
(yn|N\G′)→ 0, k →∞.
This shows that the projection PG′ |Y is not strictly singular and ends the proof of
the claim.
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In order to prove (D3) take a partition F∪G = N and assume that PF |Z is strictly
singular. By Claim 3 for any t ∈ N the set {in,t : n ∈ Nt}∩F = {in,t : n ∈ Nt}\G
is finite, whereas by Claim 4 the projection PG|Y is not strictly singular. This ends
the proof of (D3) and thus of Theorem 2.6. 
A natural question arises if one can find an operator which is not a strictly
singular perturbation of a restriction of a diagonal operator inside any infinitely
dimensional subspace of XU . We shall discuss the proof of the above construction
in any block subspace, with infinite Rapidly Increasing Sequences of special type
playing the role of the basis of XU in the previous reasoning.
The construction of an operator not of the form D|W + S in the space XU was
based on the existence of a sequence generating an ℓ1-spreading model. As we have
wrote above the existence of such sequence in Schlumprecht space was shown in
[13] and was based on the finite representability of c0 in Schlumprecht space. The
finite representability of c0 in every block subspace of Schlumprecht space was later
proved in [14] and recently a new proof of this property concerning a variant of
Gowers-Maurey space was given in [7]. Moreover, the authors show that the cn0 can
be reproduced on a block sequence of a special type which also generates the basis
of Schlumprecht space as a spreading model [7] Prop. 5.1. These block sequences
of special type, which can be found in any block subspace, were called a Special
RIS (SRIS) according to their structure ([7] Def. 4.4). The proof rewritten in the
case of Gowers unconditional space yields the first part of the following fact (let
us notice here that the technical modification of the definition the original Gowers-
Maurey space required for the main result of [7] are not needed for proving that
SRIS generates the basis of Schlumprecht space).
Fact 2.8. In every block subspace of XU there is a seminormalized SRIS (xi) such
that
(1) (xi) generates the basis (e˜i) of Schlumprecht space as a spreading model,
(2) the mapping e¯i → xi, i ∈ N, where (e¯i) is the canonical basis of a variant
of Schlumprecht space defined with use of the function
√
f instead of f ,
extends to a bounded operator on a Schlumprecht space.
The proof of the second part of the above fact follows the lines of the proof of
Prop 5.8 in [14]. In the sequel we shall use also the following simple observation:
for a SRIS (xi) any finite sequence (xk1 , . . . , xkN ) with k1 > N forms a RIS of
ℓ1-averages.
Taking any sequence (xi) as in Fact 2.8 we can again transfer the sequence
(y˜n) of [13] generating an ℓ1-spreading model from Schlumprecht space to [xi] by
substituting the basis (e˜i) with (xi) and repeat the construction of (zn). Recall
that y˜n =
∑n
j=1
f(j)
2j
∑
i∈Ij
e˜i, #Ij = j, for each n, and take a sequence (yn) ⊂ [xi]
defined as
yn =
n∑
j=1
vn,j =
n∑
j=1
f(j)
2j
∑
i∈Kj
xi, n ∈ N
again with Kj ’s with #Kj = j pushed forward along the sequence (xi) to guar-
antee that the vectors (yn) form a seminormalized block sequence generating an
ℓ1-spreading model.
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Repeat the definition the function τ : ∪n supp[xi] yn → N, taking into account
the supports of (yn) with respect to the basic sequence (xi) instead of (ei). Set
zn =
n∑
j=1
f(j)
2j
∑
i∈Kj
1
4τ(i)
xi, n ∈ N
and let Y = [yn], Z = [zn].
In order to repeat the proof of Theorem 2.6 we shall need the following observa-
tion, which is a more precise formulation of Fact 2.3(a).
Fact 2.9. Fix a seminormalized block sequence (un) ⊂ XU . Then for any c ≥ 1 and
ε > 0 there is a normalized vector w =
∑
n∈J anun, such that ‖
∑
n∈J anvn‖ < ε, for
any RIS of ℓ1-averages (v1, . . . , v#J) with constant c and with suppun∩supp vm = ∅
for any n,m ∈ N.
The proof of the property (D2) for Y, Z can be rewritten in our case since (xi)
generates (e˜i) as a spreading model by Fact 2.8(a), (yn) generates ℓ1-spreading
model by [13] and the basis of a suitable variant of Schlumprecht space dominates
(xi) by Fact 2.8(b).
The proof of the property (D3) requires more attention since possible projections
can split also the supports of (xi). However, a small modifications allow to repeat
the reasoning. We repeat the notation of in,t for any n, t ∈ N, and Nt for any t ∈ N.
Again for some scalars (γt)t∈N ⊂ [0, 1] we have
yn =
∑
t∈τ(supp[xi] yn)
γtxin,t , zn =
∑
t∈τ(supp[xi] yn)
γt
4t
xin,t , n ∈ N
Then we have the following version of Claim 3.
Claim 5. Take F ⊂ N with PF |Z strictly singular. Then for every ε > 0 and t ∈ N
the set {in,t : n ∈ Nt, ‖PFxin,t‖ ≥ ε} is finite.
Proof of Claim 5. On the contrary, assume that ‖PFxin,t0 ‖ ≥ ε for some ε, t ∈ N
and infinitely many n’s. The collection of in,t0 ’s denote by H . We shall prove that
the mapping PJ |Z is not strictly singular, where J = ∪i∈H suppxin,t0 ∩ F , which
will finish the proof.
Assume first that ((I − PF )xin,t0 )n is seminormalized. Then by Fact 2.2 ((I −
PF )xin,t0 )n is a sequence of ℓ1-averages of increasing length. Pick an infiniteM ⊂ N
so that any N elements of the sequence ((I − PF )xin,t0 )n∈M starting after N -th
element form a RIS of ℓ1-averages. Now by Fact 2.9 for any k ∈ N choose a vector
wk =
∑
n∈Jk
anPFxin,t0 , such that ‖
∑
n∈Jk
anxin,t‖ < 1/2k, for any t ∈ N, t 6= t0
and ‖∑n∈Jk an(I − PF )xin,t0 ‖ ≤ 1/2k. It follows that
‖PJ
∑
n∈Jk
anzn‖ = ‖
∑
n∈Jk
an
γt0
4t0
xin,t0 ‖ =
γt0
4t0
‖wk‖ = γt0
4t0
whereas
‖(I − PJ )
∑
n∈Jk
anzn‖ = ‖
∑
t∈N,t6=t0
∑
n∈Jk
an
γt
4t
xin,t +
∑
n∈Jk
(I − PF )γt0
4t
xin,t0 ‖
≤
∑
t∈N,t6=t0
1
4t
‖
∑
n∈Jk
anγtxin,t‖+
1
4t0
‖
∑
n∈Jk
an(I − PF )γt0xin,t0 ‖ ≤
1
2k
.
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If lim infn‖(I − PF )xin,t0 ‖ = 0, then passing to a subsequence we can assume
that ‖(I − PF )xin,t0 ‖ ≤ 1/2n, and in the above estimate we have control over
‖∑n∈Jk an(I − PF )xin,t0 ‖ straightforward. Therefore in both cases the above esti-
mates prove that the projection PJ |Z is not strictly singular which yields contra-
diction.
On the other hand we have the following version of Claim 4.
Claim 6. Take G ⊂ N with (I − PG)xin,t −−−−→
n→∞
0 for any t ∈ N. Then PG|Y is
not strictly singular.
Proof of Claim 6. For G as in the claim by definition of (yn) and τ we have
(I − PG)vn,j −−−−→
n→∞
0 for every j. Now we repeat the reasoning from the proof of
Claim 4 defining G′ in the same way and choosing successive Ls ⊂ N in such a way
that the vectors
ws =
1
#Ls
∑
n∈Ls
vn,2j , xs =
1
#Ls
∑
n∈Ls
vn,2j+1, s ∈ N
are seminormalized ℓs1-averages with constant 4 and with additional requirement
that ‖(I−PG)vn,2j‖ < 1/2n. The last condition guarantees that (ws)s and (PG′ws)s
are equivalent which allows for repeating the rest of the proof of Claim 4.
Now in order to obtain the property (D3) for Y and Z take any partition F ∪G =
N and assume that PF |Z is strictly singular. Then by Claim 5 for any t ∈ N we
have PF (xin,t) −−−−→
n→∞
0 which by Claim 6 implies that PG|Y is not strictly singular.
Thus we proved that subspaces Y = [yn] and Z = [zn] satisfy (D1), (D2) and (D3).
As by Fact 2.8 such block subspaces can be found in any block subspace of XU , by
Lemma 1.7 and a standard perturbation argument we get the following
Theorem 2.10. For any infinitely dimensional subspace X of Gowers uncondi-
tional space XU there is an operator defined on a subspace of X which is not a
strictly singular perturbation of a restriction of a diagonal operator on XU .
We close this section with an observation that the "diagonal + strictly singular"
property holds for block subspaces of XU . Namely we prove the following version
of Prop. 7.5 and 7.6 of [2] in case of Gowers unconditional space, generalizing
Theorem 29 [12].
Proposition 2.11. Let XU be Gowers unconditional space, Y - a block subspace
of XU . Then
(i) any bounded diagonal-free operator T : Y → XU is strictly singular,
(ii) any bounded operator T : Y → XU is a strictly singular perturbation of a
restriction of a diagonal operator on XU .
Proof. By Prop. 1.3, as XU is tight by support, the second part follows from the
first part. The proof of the first part is a variant of the proof of Prop. 7.5 of [2] in
our setting, which uses technique of [4], we include it for the sake of completeness.
Take a bounded operator T : Y → XU , where Y = [yk] is a block subspace of
XU . Assume that T is diagonal-free, i.e. suppTyk∩supp yk = ∅ for each k ∈ N. We
shall prove that for any sequence of (xn) of normalized ℓ
n
1 -averages Txn converges
to zero. By Fact 2.1 it follows that T is strictly singular, which ends the proof of
the Proposition.
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Fix a block sequence (xn) ⊂ [yk] of normalized ℓn1 -averages. Passing to subse-
quence, after small perturbation, we can assume that (Txn + xn)n∈N is a block
sequence. Write each xn as xn =
∑
k∈An
akyk. For every B ⊂ N denote by RB the
projection on [ej : j ∈ ∪i∈B supp yi].
Claim 7. [(cf. Lemma 7.2 [2])] For any partitions An = Bn ∪Cn, n ∈ N, we have
limnRCnTRBnxn = 0.
Proof of Claim 7. Take partitions An = Bn ∪ Cn, n ∈ N, and assume that
infn∈N‖RCnTRBnxn‖ > 0 for some infinite N ⊂ N. Then, as T is bounded,
infn∈N‖RBnxn‖ > 0. By Fact 2.2 the sequence (RBnxn)n∈N is also a sequence
of ℓ1-averages of increasing length with a common constant. Apply Fact 2.3(a)
to the seminormalized block sequence un = RCnTRBnxn and vn = RBnxn ,
n ∈ N , obtaining sequences (zk) and (wk) with zk =
∑
n∈Jk
bnRBnxn, wk =∑
n∈Jk
bnRCnTRBnxn, ‖wk‖ = 1, k ∈ N, and zk → 0, which contradicts the
boundedness of T and ends the proof of the claim.
Let now
Pn =
{
{(B,C) : B ∪ C = An, B ∩ C = ∅,#B = #C = #An/2}, if #An is even,
{(B,C) : B ∪ C = An, B ∩ C = ∅, |#B −#C| = 1}, if #An is odd,
and set Ln to be the integer part of #An/2.
Claim 8. [cf. Lemma 7.4 [2]] RAnTxn =
λn
#Pn
∑
(B,C)∈Pn
RBTRCxn, where
λn =
{
2Ln(2Ln−1)
L2n
, if #An is even,
2(2Ln+1)
Ln+1
, if #An is odd.
Proof of Claim 8. Notice first that
RAnTxn = RAn
∑
k
ak(
∑
j /∈supp yk
e∗j (Tyk)ej) since supp yk ∩ suppTyk = ∅
=
∑
i∈An
∑
j∈supp yi
(
∑
k:k 6=i
ake
∗
j (Tyk))ej .
whereas for any partition (B,C) of An we have
RBTRCxn =
∑
i∈B
∑
j∈supp yi
(
∑
k∈C
ake
∗
j (Tyk))ej .
Fix i ∈ An and j ∈ supp yi. We shall prove that∑
k:k 6=i
ake
∗
j (Tyk) =
λn
#Pn
∑
(B,C)∈Pn
e∗j(RBTRCxn).
Indeed, by the definition of RB, if e
∗
j (RBTRCxn) 6= 0 then i ∈ B. Thus for any
k 6= i there are as many terms ake∗j (Tyk) in the sum
∑
(B,C)∈Pn
e∗j (RBTRCxn) as
is the cardinality of the set {(B,C) ∈ Pn : i ∈ B, k ∈ C}. The latter is equal to
#Pn
λn
, which ends the proof of the claim.
The following claim ends the proof of Prop. 2.11.
Claim 9. limn Txn = 0.
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Proof of Claim 9. Assume infn∈N‖Txn‖ > 0 for some infinite N ⊂ N. Notice
that AnTxn → 0. Indeed, by Claim 8, AnTxn = λn#Pn
∑
(B,C)∈Pn
RBTRCxn for
some 0 < λn ≤ 4. On the other hand, by Claim 7 we have
lim
n
(sup{‖RCTRBxn‖ : (B,C) partition ofAn}) = 0.
Hence, after small perturbation, we can assume that suppTxn∩suppxn = ∅, n ∈ N
with N infinite. Apply Fact 2.3(a) to un = Txn and vn = xn, n ∈ N , obtaining
sequences (zk) and (wk) with zk =
∑
n∈Jk
bnxn, wk =
∑
n∈Jk
bnTxn, ‖wk‖ = 1,
k ∈ N, and zk → 0, which contradicts boundedness of T .

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